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On the equation ab(ab−1)−na = ∆2
Sadegh Nazardonyavi
Abstract
Let n be a positive integer. We study the diophantine equation ab(ab− 1)− na = ∆2, where
a,b are positive integers. We also show that if a system of two congruences is soluble, then an
equation which is a translation of Erdo˝s-Straus conjecture is soluble.
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1 Introduction
Let m > 1 be an integer, and suppose (a,m) = 1. Then a is called a quadratic residue of m if x2 ≡ a
(mod m) has a solution, otherwise a is called a quadratic nonresidue of m. If p is an odd prime and
(a, p) = 1, define the Legendre symbol
(
a
p
)
(or (a/p)) to be 1 if a is a quadratic residue of p and −1
if a is a quadratic nonresidue of p. The Jacobi symbol is defined for all odd numbers; if m = ∏ p
ki
i
and (a,m) = 1 then
(
a
m
)
= ∏
(
a
pi
)ki
, where
(
a
pi
)
are Legendre symbols. Note that if m is not prime,
then
(
a
m
)
= 1 does not necessarily imply that a is a quadratic residue of m; see [1, ch. 5], however the
Legendre and Jacobi symbols share many properties, for instance:
Theorem 1.1. [1] Let m and n be odd positive integers.
1. If (a,m) = 1 and a ≡ b (mod m), then (a/m) = (b/m).
2. If (a,m) = (b,m) = 1, then (ab/m) = (a/m)(b/m). In particular, (a2/m) = 1.
3. (−1/m) = 1 if and only if m ≡ 1 (mod 4).
4. (2/m) = 1 if and only if m ≡±1 (mod 8).
Also one of the most important and interesting results in number theory which is also a common
property of these two symbols is Law of Quadratic Reciprocity (LQR), cf. [1, ch. 5]. It states that if
(m,n) = 1 are odd positive integers, then(
m
n
)
=
(
n
m
)
if at least one of m and n is of the form 4k+1, and(
m
n
)
=−
(
n
m
)
if both m and n are of the form 4k+3.
In this note we study some of the elementary properties of the equation
ab(ab−1)−na = ∆2, 1≤ b < n, (1.1)
where n is a given positive integer. If ∆ = 0, then it is easily seen that the equation is soluble for all
n > 1. Therefore throughout the paper we assume ∆ > 0 unless otherwise indicated.
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Proposition 1.2. Let n > 1 be a positive integer. Then there exist positive integers a,b,∆ such that
ab(ab−1)−na = ∆2 is soluble.
Proof. If we let a = 1, b = n+ 1 and ∆ = n, it is done. Now we restrict 1 ≤ b < n as in (1.1) and
suppose n > 3 is given. If n = 2k then put a = (k + 1)2, b = 1 and ∆ = k(k + 1). If n = 4k + 1
then let a = (k+ 1)2, b = 2 and ∆ = (k+ 1)(2k+ 1). If n = 4k+ 3 then let a = (k+ 2)2, b = 1 and
∆ = k(k+2).
When n is a prime, in particular if n ≡ 1 (mod 4), then solutions of (1.1) have interesting proper-
ties. Proposition 1.2 shows that the equation is soluble, however if we impose some extra condition on
variable b, i.e. assuming b≡ 3 (mod 4), then it will be equivalent to (the difficult part of) Erdo˝s-Straus
conjecture, where obviously it is not proved here. Here we study some properties of the solutions of
(1.1).
Proposition 1.3. Let p be a prime number and there are positive integers a,b,∆ such that
ab(ab−1)− pa = ∆2. (1.2)
If p|a, then p = 2.
Proof. Suppose that p|a, then a = pa′. Hence ∆ = p∆′. From this we get a′ = pa′′ and (pa′′b)2−
a′′(p+ b) = ∆′2. Continuing this procedure we get a = pt for some t > 0. Also we deduce that if
∆2 = p2k∆′2, where k > 0 and (p,∆′) = 1, then t = 2k. Therefore,
p+b = (pkb−∆′)(pkb+∆′).
If k > 1, then we arrive at b≤ p/(pk−1)< 1 which is contradiction. Let k = 1. Then pb+∆′ ≤ p+b.
From here we get
p ≤
b
b−1
≤ 2.
Proposition 1.4. Let p be a prime number and there are positive integers a,b and ∆ ≥ 0 such that
ab(ab−1)− pa = ∆2. (1.3)
If p|b, then p = 2.
Proof. Let b = pb′, then by (1.3) we have ∆ = p∆′. Also from (1.3) we deduce ∆′ ≤ ab′−1. Hence
we have
a(b′+1) = p(ab′−∆′)(ab′+∆′)≥ p(ab′+∆′).
So
b′(p−1)+ p∆′/a≤ 1
Since p is prime, we must have b′ = 1, p = 2 and ∆′ = 0, and replacing in the equation (1.3) we get
a = 1.
The proof of the following result is almost similar to that of the proposition above.
Proposition 1.5. Let p > 1 be a prime number and there are positive integers a,b,∆ such that
ab(ab−1)− pa = ∆2, , 1≤ b < p. (1.4)
If p|∆, then p = 2.
2
Proposition 1.6. Let p be a prime number and there are positive integers a,b,∆, such that
ab(ab−1)− pa = ∆2, p|ab−1.
If 1≤ a ≤ p, b ≥ 1 then (the only solution is) a = 1 and b = p+1.
Proof. Let ab−1 = pc. Since p is prime, from ab(ab−1)− pa = ∆2 we have ∆ = p∆′. Also from
ab(ab−1)− pa = ∆2 we get that ∆ ≤ ab−1, and so ∆′ ≤ c. Now from
c−a = p(∆′− c)(∆+ c) (1.5)
we have c≤ a. If c = a we deduce a = 1, b = p+1 and ∆ = p. If c < a, then by (1.5) and since ∆′, c
are positive, we have c− a ≤ −3p that leads to b ≤ −2p which is contradiction to the assumption
b ≥ 1.
Let p > 2 be a prime number. By propositions 1.3, 1.5 and Theorem 1.1
(
ab
p
)(
ab−1
p
)
=
(
∆2
p
)
= 1
Therefore (
ab
p
)
=
(
ab−1
p
)
=−1 or
(
ab
p
)
=
(
ab−1
p
)
= 1
Before we continue, we give a lemma which is useful in studying some of the properties for the
solutions of (1.4). Consider the following equation:
(4x− p)yz = x(y+ z), (1.6)
where p is a given prime and x,y,z are positive integers 1. Since 4x− p = x(1/y+1/z)≤ 2x we have
x≤ p/2. (1.7)
Lemma 1.7. Let p ≥ 2 be a prime and there are positive integers x,y,z such that
(4x− p)yz = x(y+ z). (1.8)
Then yz 6≡ 0 (mod p).
Proof. Suppose that z ≥ y. If for instance z = pz′ then we must have y = py′.
(4x− p)py′z′ = x(y′+ z′)≤ p/2(y′+ z′). (1.9)
If p = 2, then by (1.7) the only choice for x is being x = 1. Then we have y′ = z′ = 0, which is
impossible since 0 = py′ = y ≥ 1. Now assume p > 2. The minimum of the left-hand side of (1.9)
occurs if 4x− p = 1. Then y′z′< 2/3(y′+z′) in which holds only if y′ = z′ = 1. Therefore (4x− p)p =
2x which is impossible since the left-hand side is odd.
1Note that it is one form of the Erdo˝s-Straus equation
4
p
=
1
x
+
1
py
+
1
pz
.
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Let n be a positive integer. By Theorem 1.1 and LQR one may deduce(
n
4n±1
)
= 1. (1.10)
Theorem 1.8. Let p > 2 be a prime number and x,y,z be positive integers such that
(4x− p)yz = x(y+ z).
If p ≡ 1 (mod 4), then
(
yz
p
)
=
(
y+z
p
)
=−1, and if p ≡ 3 (mod 4), then
(
yz
p
)
=
(
y+z
p
)
= 1.
Proof. Since (x/p) 6= 0 by (1.7), using Proposition 1.1 one can see that
(
yz
p
)
=
(
y+z
p
)
. Also by
Lemma 1.7 it is seen that
(
yz
p
)
6= 0. Suppose (y,z) = d. Then y = dy′ and z = dz′. It is easily seen that
since (y′,z′) = 1 then (y′z′,y′+ z′) = 1. The equation becomes (4x− p)y′z′d = x(y′+ z′) hence y′z′|x,
there exists x′ such that x = x′y′z′. Then pd + x′y′ = x′z′(4y′d−1). Since p is prime from the above
equation we have d = x′d′. Therefore
pd′+ y′ = z′(4x′y′d′−1) (1.11)
and y′ ≡ z′(4x′y′d′−1) (mod p). Thus(
y′z′
p
)
=
(
4x′y′d′−1
p
)
(1.12)
From (1.11) we have pd′ ≡−y′ mod (4x′y′d′−1). Thus(
pd′
4x′y′d′−1
)
=
(
−y′
4x′y′d′−1
)
(1.13)
By Lemma 1.7 and (1.10), we have
(
p
4x′y′d′−1
)
=−1. By (1.12) and LQR we then deduce
(
yz
p
)
=
(
y′z′d2
p
)
=
(
y′z′
p
)
=
(
4x′y′d′−1
p
)
=
(
p
4x′y′d′−1
)
=−1.
By a similar argument one can demonstrate the respective result for p ≡ 3 (mod 4).
Proposition 1.9. Let p≡ 1( mod 4) be a prime number. If there are positive integers a,b,∆ such that
ab(ab−1)− pa = ∆2, , b ≡ 3( mod 4)
then (
ab
p
)
=
(
ab−1
p
)
=−1.
Proof. Write the equation as
(ab)2−a(p+b) = ∆2.
Set p+b = 4x and
ab = y+ z, ax = yz. (1.14)
Hence we have
(y+ z)2−4yz = (z− y)2 = ∆2.
Multiplying both sides of (1.14) we have (4x− p)yz = x(y+z). From Theorem 1.8 we deduce
(
ab
p
)
=(
y+z
p
)
=
(
yz
p
)
=−1
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In the proof of Proposition 1.2 it was shown that if p ≡ 3 (mod 4) then there are positive integers
a,b,∆ such that
ab(ab−1)− pa = ∆2, , b ≡ 1( mod 4).
Using a similar argument to that of Proposition 1.9 one can show that if p ≡ 3( mod 4) is a prime
number, and if positive integers a,b,∆ are such that
ab(ab−1)− pa = ∆2, , b ≡ 1( mod 4)
then
(
ab
p
)
=
(
ab−1
p
)
= 1. In Proposition 1.5 we saw that if p > 2 is prime and equation (1.4) is
soluble, then p 6 |∆. Now we consider the case a|∆. Then we have ∆ = a∆′.
Corollary 1.10. Let p≡ 1( mod 4) be a prime number. If there are positive integers a,b,∆′ such that
p = a(b2−∆′2)−b, 1< ab < p, a ≥ 1, b ≡ 3( mod 4), ∆′ ≥ 1.
Then (
b2−∆′2
p
)
=−1.
As we mentioned earlier that we do not prove
ab(ab−1)− pa = ∆2, 1≤ a, 1≤ b < p, b ≡ 3( mod 4),
where p ≡ 1 (mod 4), however we show that with some changes in the coefficients of the equation it
has solutions. More precisely we show this observation in the following two propositions.
Proposition 1.11. For p ≡ 1( mod 4) there always exist a,b,d such that the following equation:
ab(ab−1)≡ ∆2( mod pa), 1≤ a, 1≤ b < p, b ≡ 3( mod 4)
has solution.
Proof. If p = 8k+1, then put b = 3, a = 5k+1 and ∆ = a. If p = 8k+5, then put b = 3, a = k+1
and ∆ = a.
Proposition 1.12. For p ≡ 1( mod 4) there always exist a,b,d such that the following equation:
(2ab−1)2 ≡ 4d2( mod 4pa+1), 1≤ a, 1≤ b < p, b ≡ 3( mod 4)
has solution.
Proof. Let p = 4k+1. Then set a = 12k+1, b = 4k−1 and ∆ = 30k+4.
Let n > 1 be a positive integer and there exist positive integers a,c,d,∆ and 1≤ b < n such that

ab(ab−1)−nac = ∆2,
(2ab−1)2− (4na+1)d = 4∆2.
Then we will have (4na+1)d− (4na)c = 1. Hence c = 1+(4na+1)t and d = 1+(4na)t for some
t ≥ 0. Replacing c in the first equation we get
1+(4na+1)t = c =
ab(ab−1)−∆2
na
<
na(na−1)
na
= na−1
which yields that t = 0, and hence c = d = 1. Therefore we have in particular the following result.
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Proposition 1.13. Let n≡ 1( mod 4) be a positive integer. If there are positive integers a,b,∆, where
1≤ b < n and b ≡ 3 (mod 4) satisfying the system of equations:


ab(ab−1)−nac = ∆2, c > 0
(2ab−1)2− (4na+1)d = 4∆2, d > 0
then
ab(ab−1)−na = ∆2.
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